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We theoretically study finite temperature properties of interacting fermion systems under geometrical frustration in the
charge degree of freedom. Physical quantities such as charge structure factors, the specific heat, and the entropy, of the
two-dimensional model of interacting spinless fermions on an anisotropic triangular lattice are numerically calculated
using the thermal pure quantum state. By considering the Coulomb interactions up to the next-nearest-neighbor bonds,
we elucidate that in the highly frustrated region where a long-period stripe-type charge order (CO) is the ground state,
fluctuations of different stripe-type CO patterns become large at finite temperatures. When we further introduce 1/r-type
long-range Coulomb interactions, such fluctuations are further enhanced and we find a region where both the stripe- and
non-stripe-type CO fluctuations are prominent.
1. Introduction
Organic conductors provide a fruitful field to study phe-
nomena owing to strong electron correlations,1, 2) such as
metal-insulator transition, magnetic/charge ordering, and su-
perconductivity. One of their features is that the intermolec-
ular bonds are mainly formed by the van der Waals interac-
tion, then the molecules tend to accumulate in a close-packed
manner. Therefore, structures inherently subject to geometri-
cal frustration are often realized, most typically the triangular-
based lattices. In fact, quantum spin liquid behavior is found
in several organic materials, all having the anisotropic trian-
gular lattice structure for S = 1/2 localized spins under the
influence of spin frustration.3) On the other hand, when there
exists half-integer number of electrons per lattice site, geo-
metrical frustration can also act on the charge degree of free-
dom, called as the charge frustration effect.4)
Quasi-two-dimensional organic conductors θ-(BEDT-
TTF)2MM’(SCN)4
5) are such typical materials where
systems with a half carrier (hole) per site on a nearly isotropic
triangular lattice are realized.6) Here, BEDT-TTF stands
for the bis(ethylene-dithio)tetrathiafulvalene molecule, M
(M’) takes ions such as Cs, Rb, and Tl (Co and Zn), and we
abbreviate them as θ-MM’ hereafter.
In θ-RbZn, a sharp metal-insulator transition accompany-
ing lattice distortions occurs at a temperature (T ) ∼ 195 K,
below which the so-called horizontal-stripe-type charge order
(CO) is stabilized.7, 8) However, when the cooling rate is fast,
the first-order CO transition can be quenched and an exotic
state called the charge-cluster glass appears.9–13) On the other
hand, θ-CsZn does not show the sharp CO transition even un-
der a normal cooling rate, but resembles this glassy state.14–16)
There, it is revealed that two types of CO fluctuations, cor-
responding to the horizontal stripe and a longer periodicity,
coexist below T ∼ 120 K.11, 15, 17–19) By observing the cool-
ing rate dependence of charge vitrification, cluster formation
of the latter type of long-period CO is suggested to be re-
lated to the glassy nature in both salts.20) It is argued that a
supercooled liquid of CO is realized by kinetically avoiding
the “solid”, i.e., the horizontal CO state, which is missed in
θ-CsZn within the laboratory accessible cooling rate.
The relation between the geometrical charge frustration and
the charge-cluster-glass forming ability has been pointed out
experimentally.21) From X-ray diffraction measurements, the
systematic variation in the anisotropy of the Coulomb in-
teraction by changing anions suggests that the geometrical
frustration promotes the slow charge dynamics. Furthermore,
a compound having a monoclinic crystal structure close to
the isotropic triangular lattice, θm-TlZn, also shows similar
crystallization and vitrification phenomena, even though the
“solid” here corresponds to a different CO pattern of diagonal-
stripe type.22)
Theoretically, the charge frustration in θ-MM’ has been in-
tensively studied based on the 1/4-filled extended Hubbard
model with intersite Coulomb interactions on the anisotropic
triangular lattice.23) The existence of geometrical frustration
destabilizes CO insulating states that are stabilized in the
non-frustrated case such as the checkerboard-type CO.6) In
models with short range Coulomb interactions, the ground
state in the strongly frustrated region is the non-stripe-type
CO state, so-called 3-fold CO state, at large values of the
Coulomb interactions.?, 24–26) This is stabilized by the kinetic
energy term, when it is added to the classical ground state
on the isotropic triangular lattice with macroscopic degener-
acy; quantum fluctuation lifts the degeneracy. On the other
hand, the long-period CO states mentioned above, are sta-
bilized when the intersite Coulomb interactions up to next-
nearest-neighbor bonds are included.24, 28)
The ground state properties of such models have been in-
vestigated using various numerical methods such as mean-
field theories, variational Monte Carlo methods, and exact di-
agonalization.23) In association with the slow charge dynam-
ics, the importance of long range nature of the Coulomb inter-
action have been discussed.29–31) However, finite-T analyses
of charge frustrated systems considering the quantum effects
are limited.32–35) Especially, finite-T properties of the long-
period CO, which are important for understanding the charge
fluctuations and the glassy nature as suggested by the experi-
ments, have not been studied yet.
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2. Formulation
2.1 Model
In this paper, we investigate finite-T properties of interact-
ing spinless fermions on a two-dimensional triangular lattice
as shown in Fig. 1(a). The model Hamiltonian is
H = −
∑
i, j
ti jc
†
i
c j +
1
2
∑
i, j
Vi jnin j, (1)
where ti j is the transfer integral between i-th and j-th sites,
c
†
i
(ci) is the creation (annihilation) operator of a spinless
fermion at the i-th site, and the number operator is ni = c
†
i
ci.
Vi j is the Coulomb interaction between i-th and j-th sites.
2.2 Treatment of 1/r-type Coulomb interactions using
Ewald’s method
In the following, we consider the nearest-neighbor transfer
integrals along x and y axes and set tp = 0.2 eV, referring to θ-
MM’.5) Hereafter, we set 1 eV as an energy unit. We consider
a finite-size cluster of lattice size L = 6 × 6 and adopt the
anti-periodic (periodic) boundary condition along x (y)-axis
to make the system closed shell. The average charge density
〈n〉 = 1
L
∑
i〈ni〉 is 0.5.
In the following, we first consider the Coulomb interactions
within the next-nearest-neighbor distance, i.e., on the bonds
shown in Fig. 1(a).28) Then, we add the 1/r-type long-range
Coulomb interactions given as
Vi j(λ) =
∑
R
′ λVp
|ri j + R| , (2)
where Vp is the Coulomb interaction along the p bonds, and
λ is a parameter to tune the strength of the Coulomb interac-
tions.29) ri j and R indicate the relative vectors from i-th site to
j-th site in the cluster and between different clusters, respec-
tively. Here the summation is taken over all clusters, but the
Coulomb interactions within the next-nearest-neighbor dis-
tance are excluded. By using the Ewald’s method,36) Vi j is
given by
Vi j =
[
φsi j + φ
L
i j −
2
√
pi
αΩ
− 2α√
pi
δi, j
]
Vp, (3)
where φs
i j
=
∑
R
′Erfc(α|ri j + R|)/|ri j + R|, φLi j =
(2pi/Ω)
∑
κ,0 Erfc(|κ/2α|) cos(κ · ri j)/|κ|; Ω is the area of the
cluster, α is the wave length for tuning the convergence of
the series expansion of φs
i j
and φL
i j
in Eq. (3), Erfc(x) is the
Gauss error function and κ is the reciprocal lattice vector of
the cluster. This setup of our model is based on the observa-
tion that the Coulomb interactions at short range sensitively
reflect the anisotropy of the molecular orbitals, while they ap-
proach close to the 1/r form when the inter-molecular dis-
tance becomes far.24)
2.3 Numerical methods
For the ground states, we perform the exact diagonaliza-
tion using the Lanczos method. As for the finite-T properties,
we apply a recently developed method using the thermal pure
quantum state.37) This method gives exact results in the ther-
modynamic limit but due to the finite-size effect, the results
depend on the initial states. In this paper, we take 5 random
initial states and estimate the finite-size effect by its standard
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Fig. 1. (Color Online) (a) Schematic lattice structure of θ-(BEDT-
TTF)2MM’(SCN)4 . Circles correspond to BEDT-TTFmolecules. The shaded
area shows the 6 × 6 cluster we treat in this work. Intermolecular bonds up
to the next-nearest-neighbors are shown. (b) Ground state phase diagram on
the Vc-VNNN plane for Vp = 1. The spatial charge order patterns defined
in (c) stabilized in the ground state are indicated. (c) Top left figure shows
the wave vectors of the CO states stabilized in our model, whose spatial pat-
terns are drawn in Figures (1)-(5).The horizontal stripe state stabilized for
VNNN = 0,Vc ≃ 1.3 are not shown here.28)
deviations.
To identify the spatial pattern of CO at finite T , we calculate
the charge structure factors defined by
N(q, T ) =
1
L
∑
i, j
〈nin j〉e−iq·ri j . (4)
We also calculate the specific heat,
c(T ) =
〈H2〉 − 〈H〉2
LT 2
, (5)
and the entropy,
s(T ) =
∫ T
0
c(T ′)
T ′
dT ′ = s(∞) −
∫ ∞
T
c(T ′)
T ′
dT ′, (6)
where s(∞) is the entropy at the infinite-T limit. We define
the normalized entropy as S˜ (T ) ≡ s(T )/s(∞).
3. Numerical Results
3.1 Effect of Coulomb Interactions up to the next-nearest-
neighbor bonds
We first show the results for the case up to the next-nearest-
neighbor bonds. We set Vp = 1, fix the ratio of Coulomb
interactions as V2c : Vq : Va = 1.2 : 1 : 1 and define
VNNN = Vq = Va [see Fig. 1(a)]. These values reproduce the
long-period CO patterns close to those observed in θ-MM’.28)
3.1.1 Ground state phase diagram
Figure 1(b) shows the ground state phase diagram on the
Vc-VNNN plane, which agrees with the previous result for a
different cluster size.28) When VNNN = 0, in the frustrated re-
gion Vc ≃ Vp, a metallic CO state called the pinball liquid
2
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Fig. 2. (Color Online) T dependencies of charge structure factors for dif-
ferent charge order states for (a) (Vc,VNNN ) = (1.1, 0) and (b) (1.1, 0.4) for
Vp = 1. T dependencies of (c) the specific heat and (d) the entropy for
(Vc,VNNN ) = (0.8, 0), (1.1, 0), and (1.1, 0.4) for Vp = 1. Error bars are shown
as shaded areas.38)
(PL) state is stabilized,?, 27) whose wave vector is the same as
in the 3-fold CO state; this state is suggested to show larger
quantum fluctuation than the 3-fold CO state in the extended
Hubbard model.33) This PL state is strongly suppressed by
introducing VNNN , while the long-period CO states, termed 6-
fold1 and 6-fold2 CO states, appear at Vc/Vp ∼ 1 where the
degree of geometrical charge frustration is strong. The spa-
tial patterns of these CO states are schematically shown in
Fig. 1(c). Note that the patterns all have stripe-type CO with
1:1 ratio of rich and poor sites, except the PL with 1:2 ratio.
The former are expected to result in insulating states in the
strong coupling limit owing to the commensurability whereas
the latter stays metallic.
3.1.2 Finite temperature properties
Figures 2(a) and 2(b) show the T dependencies of charge
structure factors N(q, T ) at (Vc,VNNN ) = (1.1, 0) and
(1.1, 0.4), where the 3-fold and the 6-fold1 CO are stabilized
in the ground state, respectively. In the former case, with
decreasing T , the charge structure factor corresponding to
the PL state is enhanced and other components become sup-
pressed. However, below T ∼ 0.15, the charge structure factor
for the PL state turns to decrease, leading to a slight increase
or saturation of other components at low T . This behavior is
attributed to the so-called order by fluctuation mechanism;39)
the entropy gain due to a macroscopic number of low energy
excited states stabilizes the order at finite T . Such an entropy
gain is expected in the PL state since carriers on its charge
poor sites are mobile and therefore it is metallic.
For VNNN = 0.4 [Fig. 2(b)], on the other hand, the 3-fold
CO state is strongly suppressed, and the charge structure fac-
tors corresponding to the 6-fold1, 6-fold2, and vertical CO
states gradually grow with decreasing T . The development of
the 6-fold1 CO structure factor shows a characteristic two-
step behavior, at T ∼ 0.15 and 0.02. This can be understood
from the spatial CO patterns shown in Fig. 1(c). The 6-fold1
and 6-fold2 are both ‘tilted’ stripe-type CO with close wave
vectors, which have two kinds of charge rich sites with small
and large charge transfer excitation energies [see Fig.1(c)].28)
By raising T from the ground state, first carriers on the sites
with a smaller excitation energy fluctuate while the other
charge rich sites remain stable, and at higher T carriers on
the latter sites also begin to fluctuate and the CO melts. This
leads to the two-step behavior.
Such characteristic T dependencies are manifested in the
thermodynamic quantities as well. Figures 2(c) and 2(d) show
the specific heat and the entropy for (Vc,VNNN ) = (1.1, 0) and
(1.1, 0.4) as above, together with the case with weak frus-
tration at (Vc,VNNN ) = (0.8, 0) for comparison where the
vertical-type CO state is stabilized as the ground state. At the
high T region at T ∼ 1, in all cases the specific heat gradually
increases and the entropy is released with decreasing T . This
indicates that the charge excitations with the energy loss at
Vp ∼ 1 are suppressed and the carriers begin to localize. This
is consistent with the behavior of the charge structure factors,
gradually growing as seen from Figs. 2(a) and 2(b). As for
the case of (Vc,VNNN) = (0.8, 0), the specific heat has a sharp
peak at T ∼ 0.2, below which it rapidly approaches almost
0 with decreasing T . The entropy also rapidly drops and be-
comes nearly 0, indicating that the vertical CO state is well
stabilized below T ∼ 0.2 without much fluctuations.
In contrast, in the other two cases, the system does not show
such a typical behavior seen for simple phase transitions and
the effect of geometrical frustration is clearly demonstrated.
For (Vc,VNNN ) = (1.1, 0), the specific heat has a broad peak
at T ∼ 0.4 where the charge structure factor of the PL state
develops. Below the peak, the specific heat does not decrease
rapidly and the entropy is not released immediately. The dif-
fusive nature of the phase transition is attributable to the fluc-
tuation in the PL state mentioned above.
Similarly, for (Vc,VNNN) = (1.1, 0.4), the specific heat has a
broad peak at T ∼ 0.15 where the 6-fold1 CO structure factor
increases. Below the peak, the specific heat decreases, appar-
ently similar to the vertical CO case, but the entropy shows
a slower decrease. However, the specific heat shows a further
increase below T ∼ 0.05 and the entropy remains as large as
the case of the PL state in the low-T limit. We consider that
this low-T behavior reflects the further development of the
3
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Fig. 3. (Color Online) (a) λ dependence of charge structure factors. The
Coulomb interactions within the next-nearest-neighbor distance are set as
(Vp,Vc,VNNN ) = (1, 1.1, 1.4). (b) λ dependence of the ratio of the effective
Coulomb interactions within the Ewald’s method.
6-fold1 CO seen in the structure factor, although numerical
error becomes large in this region to be conclusive.
3.2 Effect of 1/r-type Coulomb Interactions
Now, we investigate the effect of 1/r-type long-range
Coulomb interactions. Referring to the crystal structures of
θ-CsZn and θ-RbZn,40, 41) we set the angle between x and
y axis as 130 degrees and estimate the Coulomb interac-
tions by Eq. (3). In the following, we fix (Vp,Vc,VNNN ) =
(1.0, 1.1, 0.4) and see how the 1/r-type long-range Coulomb
interactions work starting from the case where the ground
state is the 6-fold1 CO state.
3.2.1 Ground state phase diagram
Figure 3(a) shows the λ dependence of charge structure
factors at T = 0. We can see that the ground state changes
from the 6-fold1 to the 6-fold2 CO state, and then to the
PL state with increasing λ.42) In the region where two kinds
of ‘tilted’ CO states, i.e., the 6-fold1 and the 6-fold2 CO
states, compete with each other, the charge structure factors
of the vertical as well as the PL states become enhanced,
suggesting a severe competition. However, above λ ∼ 0.55,
the ground state returns to the CO pattern when only nearest-
neighbor Coulomb interactions are taken into account, e.g., at
(Vp,Vc,VNNN ) = (1.0, 1.1, 0). In fact, at λ = 1, which corre-
sponds to the fully long-ranged form, the charge structure fac-
tor for the PL state (∼ 1.8) is even much larger than the case
shown in Fig. 2(a) at the ground state. This is a result which
was unexpected considering a previous work on the role of
long-range interactions in the classical limit, where stripe-
type CO states are discussed to be stabilized.29) We should
note that, although the Ewald’s method can treat long-range
Coulomb interactions exactly treating the finite-size cluster,
fluctuations larger than the cluster cannot be taken into ac-
count.
One of the origin of the recovery of the PL state with in-
creasing λ is the suppression of the effective next nearest
Coulomb interactions. Since the Coulomb interactions larger
than the size of the cluster are periodically added by using
the Ewald’s method, all pairs of Coulomb interactions in the
cluster have finite values. As a result, the next nearest neigh-
bor Coulomb interactions is effectively weakened compared
to the nearest neighbor ones, and the PL state is restored. To
see this tendency, we show the λ-dependence of the ratio of
the Coulomb interactions in. Fig. 3 (b). Here we show the ef-
fective Coulomb parameters by V˜i j, defined as those within
the Ewald’s method subtracted by the minimum value acting
as a constant offset. With increasing λ, V˜c/V˜p monotonically
increases, while V˜a(≡ V˜NNN )/V˜p indeed decreases.
3.2.2 Finite temperature properties
We show the T dependencies of the charge structure fac-
tors in Fig. 4(a). First, by introducing λ, the charge structure
factors of different kinds of CO patterns have almost the same
values at high T (e.g., T > 0.3) compared to λ = 0, i.e., the
development of different kinds of CO patterns becomes fea-
tureless. With decreasing T further, the charge structure factor
for either 6-fold1 (λ = 0.2), the 6-fold2 (λ = 0.4), or the 3-
fold (λ = 0.6) CO state which is stable at the ground state
becomes large. A noticeable point is that the fluctuation be-
tween different CO patterns become larger as we increase λ.
For λ = 0.2, the charge structure factors of the two 6-fold
CO patterns becomes comparable. Moreover, when λ is near
the critical value such as in the data at λ = 0.4; the charge
structure factors of CO with patterns not only the stripe-type
but also for the PL state all show comparable values at fi-
nite T . For λ = 0.6, on the other hand, the characteristic T
dependence of the PL state is seen, suggesting the order by
fluctuation mechanism discussed above.
Figure 4(b) shows the specific heat and the entropy. Reflect-
ing the monotonic increase of charge structure factors with
decreasing T toward T ∼ 0.3, the specific heat has a peak
at T ∼ 0.3 and the entropy is monotonically released. Below
T ∼ 0.3 for λ = 0.2, the behavior is similar to the case for
λ = 0 and (Vp,Vc,VNNN) = (1.0, 1.1, 0.4) in Figs. 2(c) and
2(d), but with less pronounced feature in the two-peak struc-
ture, owing to the competition between two 6-fold CO states.
At λ = 0.4, on the other hand, the specific heat remains large
even at lower T , resulting in the residual entropy. The T de-
pendence of the specific heat is nearly featureless, suggesting
the maximized fluctuations between different CO patterns. By
increasing λ further, when the ground state is the PL state, the
behavior resembles the case with only short range Coulomb
interactions as the case of (Vp,Vc,VNNN) = (1.0, 1.1, 0) in
Figs. 2(c) and 2(d).
4. Summary and Discussion
Finally, let us briefly discuss implications to experimental
systems from our numerical results. As pointed out in refs. 24
and 28, the 6-fold CO states have close wave vectors to the
long-period CO correlations experimentally inferred to be re-
lated to the charge-cluster glass formation in θ-MM’. In our
work, we have found that at finite T , characteristic behavior
of such tilted stripe-type CO is seen as the T driven fluctua-
tions. When the model is limited to the next-nearest-neighbor
Coulomb interactions, a two-step behavior of the develop-
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Fig. 4. (Color Online) (a) T dependencies of charge structure factors for
different charge order states at λ = 0.2 (top), 0.4 (middle), and 0.6 (bottom).
The Coulomb interactions within the next-nearest-neighbor distance are set
as (Vp,Vc,VNNN ) = (1, 1.1, 1.4). (b) T dependencies of the specific heat (top)
and the entropy (bottom) at λ = 0.2, 0.4, 0.6. In (a) and (b), error bars are
shown as shaded areas.38)
ment of charge structure factors is seen. This leads to a two-
peak structure in the specific heat and results in a plateau-like
behavior in the entropy. On the other hand, the addition of the
1/r-type Coulomb interactions further enhance such finite-T
fluctuations, as long as it is below a critical value of λ, tun-
ing its strength. We then speculate that the actual systems lo-
cate in such a region where different stripe-type CO states
compete and fluctuations between them become large at finite
T . The 1/r long-range Coulomb interactions indeed promote
such fluctuation effect as proposed in previous studies. How-
ever, its full inclusion in our setup recovers the PL state. We
should note that there is a possibility that , in such a regime,
fluctuations beyond the cluster considered in this study be-
comes important. Calculations treating larger cluster size to
investigate it remains as a future problem.
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